This note revisits the equivalence of languages recognized by measure many one way quantum finite automata with non/strict cutpoint. The main contributions are as follows:
Introduction
Some decision problems are important and interesting in the mathematical theory of automata, for example, the emptiness problem, the equivalence problem, the minimization problem, which have received sufficient attention, see [1] by Rabin et al., [26] by Hopcroft et al., [24] by Paz and [25] by Eilenberg, and [27] by Sénizergues. The quantum generalization of classical finite automata, whose definitions were first appeared in [23] by Knodacs et al. and [29] by Moore et al., -quantum finite automata-employ quantum mechanism to control their behaviors. Many interesting properties about quantum finite automata have been discovered [10, 9, 8, 6, 4, 3, 21, 2, 14, 5, 7] . For instance, Yakaryilmaz et al. have shown that measure many one way quantum finite automata recognize all and only the stochastic languages in the unbounded error setting [3, 4] ; And, Hirvensalo, who also introduced in [14] a model for finite automata with an open quantum evolution, whose basic properties are studied in the same article, has examined various aspects of quantum finite automata in [16] ; Brodsky et al. have obtained some characterizations of one way quantum finite automata in [9] ; It has been observed in [10] by Ambainis et al. that one way quantum finite automata can be very space-efficient.
In this note, we revisit equivalence of languages recognized by measure many one way quantum finite automata with non/strict cutpoint. This problem was first considered in [18] but without proof. In fact, the statement in [18] is incorrect and has already been found. 1 We have to say that this note benefits, in order of time, very much from Dr. Yakaryilmaz [17] and a reader of a journal.
The techniques used to deal with the equivalence of non/strict languages recognized by quantum finite automata are undecidability of non/strict emptiness of measure many one way quantum finite automata and constructing of special measure many one way quantum finite automata. It has been observed in [22, 21] that both nonstrict and strict emptiness of measure many one way quantum finite automata are shown to be undecidable in [20] . Here, we provide an additional proof of them which is due to Yakaryilmaz [17] and the author. Afterwards, we use these results to show, together with extra tool, that the problems of equivalence of languages recognized by measure many one way quantum finite automata with non/strict cutpoint are undecidable. And, some obvious consequence of the above results have been also summarized.
The rest of the note is structured in the following way. In Section 2, some basic notations and concepts are reviewed; The additional proof of undecidability of non/strict emptiness of measure many one way quantum finite automata are provided in Section 3; Section 4 contains our main purpose, where we show that the equivalence of languages recognized by measure many one way quantum finite automata with non/strict cutpoint is undecidable. We draw some conclusions in Section 5.
Preliminaries
For any finite set S, |S| denotes the cardinality of S. Throughout this paper, Σ denotes the non-empty finite alphabet, Σ * denotes the set of all finite words (including empty word ǫ) over Σ, and Σ + = Σ * \ {ǫ}. Let w be a word in Σ * , then |w| will denote the length of w. For example, let Σ = {0, 1}, then |ǫ| = 0 and |001101| = 6.
We refer the reader to [13, 11, 12] for more quantum theories. In quantum theory, the unitlength column (resp. row) vector in a fixed (finite dimensional) Hilbert Space H will be denoted as |ϕ (resp. ϕ|). |ϕ and ϕ| are satisfied the relation |ϕ † = ϕ| where † denotes the conjugatetranspose of complex matrices. The inner product of two vectors |ϕ and |ψ is denoted as ϕ|ψ . The length of the vector |ϕ , denoted by |ϕ , is defined to be |ϕ = ϕ|ϕ .
Definitions
In the following, we recall the formal definitions of probabilistic automata (p.a.), measure once one way quantum finite automata (MOQFAs) and measure many one way quantum finite automata (MMQFAs).
, where y ∈ R n is the initial probability distribution, each M a ∈ R n×n is a Markov matrix, and y ∈ R n is the finial state vector whose ith coordinate is 1, if the ith state is final, and 0 otherwise. The probability accepting word ω ∈ Σ * for A is described by
Definition 2.2. An measure once one way quantum finite automaton (MOQFA)
A is a tuple (Q, Σ, |π , {U σ } σ∈Σ , P a ) where Q = {q 1 , · · · , q |Q| } is the basic state set, Σ the input alphabet, |π the initial state vector with |π = 1, U σ an unitary matrix of dimension |Q|. The probability accepting word ω = x 1 · · · x n ∈ Σ * is given by
Definition 2.3 (Modification of [23] by Knodacs et al.). An MMQA is an element of subset of all 2qfa's, which is given by the tuple
where Q is the basic state set of A, Σ the input alphabet, δ the transition function, q 0 the initial state, and Q acc and Q rej the accepting set and rejecting set, respectively. The probability accepting any word ω = x 1 · · · x n ∈ Σ is as follows
The formal product
This definition is equivalent to the one given in [18] which has no left end-marked '£' due to a result in [9] by Brodsky et 
Statement of problems
Now we proceed to define the languages recognized by A-a probabilistic automaton, or a measure once quantum finite automata, or a measure many one way quantum finite automaton over the input alphabet Σ-with non/strict cutpoint λ. Then, identical with [16] , we define
where P A (ω) denote the probability of A accepting the word ω and 0 < λ ≤ 1.
We call the language of L ≥λ (A) a nonstrict cutpoint language recognized by A, and L >λ (A) a strict cutpoint language recognized by A.
The non/strict emptiness problem of A is to ask whether there is algorithm deciding L ≥λ (A) = ∅?/L >λ (A) = ∅?. And, given two automata A 1 and A 2 with the same type, the equivalence of non/strict cutpoint language is to ask whether there exists algorithm deciding L ⊲⊳λ (A 1 ) = L ⊲⊳λ (A 1 )? with ⊲⊳ is ≥/>. In similarity to [28] , we define the non/strstic containment problem as to ask whether there exists algorithm deciding L ⊲⊳1λ (A 1 ) ⊲⊳ L ⊲⊳1λ (A 2 ) where ⊲⊳ 1 ∈ {>, ≥} and ⊲⊳ is ⊆/⊂. 
Basic facts
We now list some basic facts which are useful in the sequel. 
Undecidability of emptiness problem of MMQFAs
We first show an auxiliary lemma, which is useful as we can see in the sequel. 
Proof. Suppose that n = |Q|. Let 
For k = n + 1, we get
From Eq. (1) and Eq. (2) we have
Remark 2. The proof of the above proposition essentially utilizes the idea of proof of Theorem 4 in [18]: constructing a special MMQFA A such that the word function
P A (x 1 , · · · , x n ) is non- cumulative.
Non-strict emptiness
In this section, we provide an additional proof about the undecidability of emptiness of MMQFA. See Ref. [20] for original proof due to E. Jeandel. In fact, by Lemma 2.2 in Section 2 and Proposition 3.1 developed in previous section, the following corollary is very clear.
Corollary 3.1. Let A be an MMQFA over Σ. Then, for any rational λ, 0 < λ ≤ 1, there is no algorithm that decides if A has a word ω for which P A (ω) ≥ λ.
Remark 3. Also, this result can be derived from the undecidability of emptiness of p.a. and the result of [4] , as observed in [17] by Dr. Abuzer.
Strict emptiness
The idea to the undecidability of strict emptiness of MMQFA is due to Yakaryilmaz [17] . We first list the following By Lemma 3.1 and Lemma 2.1 in Section 2, the following is derived Corollary 3.2. Let A be an MMQFA over Σ. Then, for any rational λ, 0 < λ ≤ 1, it is undecidable that if A has a word ω for which P A (ω) > λ.
Equivalence of non/strict cutpoint languages
This section, in which we will correct Corollary 3 in [18] , is our main purpose, see the introduction in Section 1.
The nonstrict case
By Proposition 3.1, we only have to show the equivalence of languages recognized by MOQFAs with nonstrict cutpoint is undecidable.
By Lemma 2.2, it is undecidable whether or not L =λ (A) = Σ * where A is an MOQFA. Then we construct a MOQFA
Proof. The proof is similar to that of Theorem 8.12 in [26] (Cf. p. 203). Obviously, an algorithm for deciding whether L ≥λ (A 1 ) = L ≥λ (A 2 ), will lead to an algorithm for deciding whether L ≥λ (A) = Σ * .
The strict case
We first present the following useful
Example. Let 0 < λ ≤ 1 and c: 0 < c < λ. Let A = (Q, {I} σ∈Σ , P a , |q 1 ) be an MOQFA where
Remark 4. By Proposition 3.1, we have an MMQFA over Σ, say A ′ , such that for all ω ∈ Σ * ,
The approach to the following proposition attributes to E. Jeandel [17] .
Proof. Let M be arbitrary an MMQFA over Σ. Assume it is decidable that 
Conclusion
In this note, we have revisited the emptiness and equivalence of languages of measure many one way quantum finite automata. Specially, we have provided an additional proof of undecidability of the emptiness of measure many quantum finite automata; And then we show that both the equivalence of languages recognized by measure many one way quantum finite automata with non/strict cutpoint are undecidable. These results further imply that the containment problem of measure many quantum finite automata are undecidable. It is unknown, to the author's knowledge, whether it is decidable that the non/strict cutpoint language recognized by MMQFA is finite? In other words, whether there is a "pumping lemma" for MMQFAs? Note that MOQFAs accepts only subset of regular languages [9, 7] , which have a pumping lemma.
